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The use of stability analyzers based on the linear stability theory and coupled with the en method in � ow� eld
calculationprocedures (viscous/inviscid interactive methods,Navier–Stokes solvers) has been impeded by that they
require tremendous amounts of information, knowledge, and interaction from the user. A systematic procedure is
proposed to obtain a linear stability analyzer suitable for integration in wing performance calculation methods.
The proposed transition prediction method relies on the use of a database of stability characteristics of a model
three-dimensional compressible boundary layer. A coupling method based on the physical parameters of the mean
� ow, such as local Mach number, Reynolds number, and boundary-layer shape factor, allows the extraction from
the database of quantities such as the ampli� cation rate for a given frequency or the maximum ampli� cation
frequency of the boundary layer studied. The stability characteristics of the model boundary are precomputed,
by the use of the compressible linear stability equations with the classical parallel � ow assumption and without
curvature effects. The results obtained with the proposed automated stability analysis method have shown that
it provides a qualitatively adequate representation of a transonic three-dimensional � ow stability characteristics:
dominant instability type, frequency of maximum ampli� cation, and ampli� cation rate. Computations of the n
factor were performed for the AS409 conical wing and two Bombardier business aircraft wings. For these cases, the
automated method n factors are higher than those obtained by a complete eigenvalue calculation. This difference
is largely because the model boundary layer used does not provide a completely appropriate representation of the
cross� ow velocity pro� les. However, it is within the range of variation of the n factor from one case to the other,
when the full eigenvalue solution is used. Comparison of the calculated n factors and the experimentally observed
location of transition on the Bombardier wings has revealed a spanwise variation of the critical n factor, with both
the complete and automated calculation methods. To improve the prediction of transition, a relation between the
n factor at transition and a local Reynolds number (varying along the span) is proposed. The proposed automated
method provides considerable reductions in both the computational time and the input required from the user,
which allows it to be incorporated in the design cycle.

Nomenclature
b = span, m
c = chord, m
cp = speci� c heat at constant pressure
f = dimensional frequency, Hz
Qf ; g = transformed velocity pro� les

(similar boundary layer)
H = total enthalpy
Hxi = streamwise incompressible shape factor
Hzi = cross� ow incompressible shape factor
i =

p
¡1
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k = wave number (wave vector magnitude)
M = Mach number
N = ampli� cation factor at a � xed frequency
n = frequency envelope of N
Pr = Prandtl number (0.72)
p = pressure
Q = total mean velocity
Re = Reynolds number
T = temperature
t = time
ts = similarity parameter
tw = similarity parameter
u; v; w = velocity components in x; y, and z
Vgr = group velocity
wmax = maximum cross� ow velocity
w0

w = wall derivative of the cross� ow velocity
X; Z; y = global coordinate system
x; z; y = local Cartesian coordinate system
® = complex wave number in the x direction
¯ = complex wave number in the z direction
°i = total spatial ampli� cation rate
±xi = streamwise kinematic displacement thickness
±zi = cross� ow kinematic displacement thickness
" = angle between » and X
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µ = transformed temperature (enthalpy) pro� le
(similar boundary layer)

µxi = streamwise kinematic momentum de� cit thickness
µzi = cross� ow kinematic momentum de� cit thickness
3 = similarity parameter
3LE = leading-edge sweep angle
¸ = wavelength, or transformed variable

(density–viscosity, similar boundary layer)
¹ = dynamic viscosity
»; ´ = transformed coordinates (similar boundary layer)
½ = density
¾ = similarity parameter
8 = arbitrary mean quantity
Á = arbitrary instantaneousquantity
OÁ = amplitude function of the � uctuation of Á
Â = similarity parameter
Ã = wave vector orientation with respect to streamline

at the boundary-layeredge
! = complex frequency

Subscripts

e = value at the boundary-layeredge
i = imaginary component
r = real component
w = value at the wall
0 = total (stagnation) value (temperature and enthalpy)
1 = freestream value

Superscripts

max = value corresponding to the maximum
ampli� cation rate at a � xed frequency

opt = value corresponding to the absolute
maximum ampli� cation rate

Introduction

F OR many years, environmentaland economic issues have been
drivingresearchaimed at the reductionof airlinersand business

aircraft fuel consumption.The latter being tightly related to the drag
that must be overcome in � ight, one of the promisingavenuesto this
goal lies in reducing friction drag by limiting the extent of turbulent
� owoverthewings.1;2 The designof suchwings requiresa capability
to predict accurately the transition from laminar to turbulent � ow.
In addition, the position of transition on a wing must also be known
for the pressure distribution and the drag to be properly predicted,
as well as for the extrapolation of wind-tunnel measurements to
� ight conditions.3 A reliable and ef� cient method for predicting
the transition point from laminar to turbulent � ow thus becomes an
invaluable tool to wing-design engineers.

Linear stability theory (LST) is able to provide informationabout
wave ampli� cation and, when coupled to the empirical en method,
yields insight about the location of boundary-layer transition. A
number of LST-based transition prediction codes were conceived
during the last 20 years and applied to increasinglycomplex geome-
tries and � ow conditions.4¡6 However, linear stability calculations
can be extremely costly in terms of computer and user time, and
this has impeded their use in an industrial design context. In addi-
tion, they demand knowledge,information,and interactionfrom the
user. The user has to 1) locateand identify the instabilitiespresent in
the � ow, 2) select the instabilities that are susceptible of triggering
transition, and 3) track properly the ampli� cation maxima in the
integration of the n factor.

Another issue is the choice of the value of the n factor at tran-
sition. Whereas the en method was extensively validated for two-
dimensionalincompressible� ows, littleexperimentaldataexistcon-
cerning transition on realistic wing con� gurations in compressible
transonic � ows.

This paper describes an automated database method for the
evaluationof the stability characteristicsof three-dimensionalcom-
pressibleboundary layers. The main advantageof the method is the

signi� cant gains in both computational time and user involvement
that it can provide, making its incorporation in the design cycle
possible.

LST
The basis of the LST is the decomposition of the instantaneous

� ow variables into a mean, steady part and a time-dependent per-
turbation of a sinusoidal form:

Á.x; y; z; t/ D 8.y/ C OÁ.y/ exp[i.®x C ¯z ¡ !t/] (1)

where Á represents any of the � ow variables, that is, the velocity
components u, v, and w in the streamwise x , wall-normal y, and
cross� ow z directions, the pressure p, and the temperature T . 8.y/
is the known laminar mean � ow, which is assumed to be parallel,
whereas ® and ¯ are the streamwise and cross� ow wave numbers
of the perturbation and ! its complex frequency.

After substitution of Eq. (1) into the governing equations, sub-
traction of the laminar mean � ow solution, linearization and other
manipulations, a homogeneous system of � ve, second-order ordi-
nary differentialequations is obtained.Given homogeneousbound-
ary conditions, the task then reduces to the resolution of an eigen-
value problem for the determination of the values of the complex
parameters ®, ¯ , and ! that yield nontrivial solutions.

The eigenvalueproblem provides two real relations,but there are
six real parameters to be determined. Basic assumptions about the
nature of the eigenvaluesare, therefore, required. It is customary to
specify thatoneor two of the parametersbe pure real numbers. In the
case of the temporal stability theory used in the presentwork, ® and
¯ are assumed to be real. One can see then that the real part of !, that
is, !r , correspondsto the frequencyand its imaginary part !i , to the
temporal growth rate of the perturbation.Laburthe7 has shown that
except for pathological cases, the use of the temporal formulation
together with Gaster’s transformation8 provides ampli� cation rates
that are in very good agreementwith the resultsof the more accurate
spatial theory. This is con� rmed by the experienceof the authors in
transonic wing applications.

Because the eigenvector OÁ depends only on y and the mean � ow
has beenassumedparallel,it is possibleto applya localanalysis,that
is, the determination of the stability characteristicsat a given point
on a wing involves only the local boundary-layerproperties, no in-
formation is required from the neighborhood.This essential feature
allows precalculatedstabilitycharacteristicsof modelboundarylay-
ers to be used for the identi� cation and location of the instabilities
in the actual boundary layer growing on a wing.

Transition Prediction
Laminar � ows are affected by various forced disturbances. If

the amplitude of a perturbation is relatively small, its propagation
characteristics may be adequately described by the linear stability
equations.The ensuing analysis describes the observed exponential
growth, or decay, of initially in� nitesimal disturbances traveling
throughtheboundarylayer. If theamplitudeof thesewaves becomes
largeenough,nonlinearinteractionsbecome importantandmay lead
to transition.Although LST cannot describe nonlinear interactions,
there is suf� cient empirical evidence suggesting that the process
of transition can be correlated to a critical perturbation amplitude
ratio. This observation leads to the so-called en method in which
the n factor is calculated by integrating the spatial growth rate in
the direction of the real part of the group velocity °i , for a given
dimensional frequency f . Different integrationstrategiesarise from
that, with � xed f , there still remains the wave numbers ® and ¯ to
be determined.9 In this work, the envelope method, in which ® and
¯ are determined in such a way as to maximize the spatial growth
rate at each position on the wing, is used:

N . f; s/ D
Z s

s0

° max
i . f; s/ ds (2)

where

° max
i . f; s/ D max

®;¯
f°i . f; ®; ¯; s/g
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and the integrationpath s is tangent to the ampli� cation vector. The
spatial growth rate °i is obtained from the temporal growth rate !i ,
using Gaster’s relation8:

°i D !i =jVgrj (3)

where Vgr is the real part of the group velocity. Finally, the n factor
used for transition prediction is obtained by taking the envelope of
N for all frequencies:

n.s/ D max
f

N . f; s/ (4)

As already mentioned, other strategies for the integration of the
n factor exist. Some researchers argue that methods that allow a
clearer distinction between cross� ow and streamwise instabilities
are preferable to the envelope method (for instance, Ref. 10). How-
ever, in terms of the abilityof one method to better and more consis-
tentlypredict transition than an other, a clear advantagehas yet to be
demonstrated.9 It is also known that the envelope method may fail
whenboundary-layersuction is employed(hybrid laminar� ow), but
we are only concerned here with natural laminar � ow applications.

Automated Stability Calculations Methodology
The location and identi� cation of the instabilities present on a

wing, that is, the determinationof their neutralpoint, as well as their
orientation and wavelength, are conducted with the use of known
tabulatedstabilitysolutionsof a model (self-similar)boundarylayer.
Schemes for the rapid evaluation of the stability characteristics of
two-dimensionalincompressible� ows havebeenproposedbyStock
andDegenhart,11 Dini et al.,12 and Gasterand Jiang,13 among others.
These methods assume that the velocitypro� les on an airfoil can be
well representedby the Falkner–Skan family of self-similarpro� les
(themethodof Dini et al.12 alsouses modi� edGreen pro� les for sep-
arated � ows). A matching procedure is used to evaluate the stability
characteristicsof the actual (nonsimilar) boundary-layerpro� les of
interest from those of the model boundary-layerpro� les. The calcu-
lation of n factors is conducted directly from the model boundary-
layer stability characteristics.The Arnal–Vialle–Jelliti criterion for
transition due to streamwise instability (see Ref. 14) (also known
as the parabola method) is another example of such a fast n-factor
method. The proposed methodology is an extension of the two-
dimensionalincompressiblematching method of Gaster and Jiang13

to three-dimensional compressible � ows. Such a method relies on
the local nature of the eigenvalue problem in the linear parallel sta-
bility theory. It implies, however, that the main nonparallel effects
cannot be taken into account. Surface curvature effects could theo-
reticallybe included,but at the expenseof a considerableincreasein
the size of the database.Furthermore, if curvature is to be included,
other second-ordereffects such as nonlocalitymust also be included
to obtain a consistent stability model. Based on previous investiga-
tions, however, it was concluded that neither the curvature effects
nor the nonparallel effects signi� cantly improve the consistency of
the n factor at transition.15;16 With regard to the curvature effects,
similar conclusionswere also reached by Cebeci et al.17 for incom-
pressible � ows. Therefore, it is legitimate to neglect these effects in
a transition prediction method.

Model Boundary Layer

To construct the database of stability characteristics, it is neces-
sary to have available a family of boundary-layer pro� les describ-
ing the � ow on a three-dimensionalwing in compressible � ow. In
the present work, a one-species variant of the model proposed by
Dewey and Gross18 has been selected. This model provides a fam-
ily of compressible boundary layers on an in� nite swept wing and
is essentially a compressible extension of the Falkner–Skan–Cooke
family of similar boundary-layer pro� les. Figure 1 represents the
� ow under considerationand the coordinate systems used.

A global (X; Z; y) and a local (x; z; y) coordinate system are
used, where y is normal to the surface and X and Z (x and z) are
tangent to it. In the global system X is normal to the leading edge,

Fig. 1 In� nite swept wing � ow.

whereas in the local system, x is in the direction of the inviscid
streamline at the edge of the boundary layer. The x-momentum,
z-momentum, and energy equations of the proposed model bound-
ary layer are, respectively,

.¸ Qf 00/0 C Qf Qf 00 D 3
©

Qf 02 ¡ .1=ts /
£
.1 ¡ tw/µ ¡ .1 ¡ ts /g

2 C tw
¤ª

(5)

.¸g0/0 C Qf g0 D 0 (6)

.¸µ 0/0 C Pr f µ 0 D 2[.1 ¡ Pr/=.1 ¡ tw /]f¸[Â.¾ C ts ¡ 1/ Qf 0 Qf 00

C .1 ¡ ts/gg0]g0 (7)

The velocityU and W and temperatureT (or enthalpy H ) pro� les
are de� ned by

Qf 0 D Qf 0.´/ D U=Ue; g D g.´/ D W=We

µ D µ.´/ D .H ¡ Hw/=.H ¡ He/

H D H .´/ D cp T C .U 2 C W 2/=2

¸ D ¸.´/ D ½¹=½w¹w D Tw¹=T ¹w

A prime (0) denotes differentiationwith respect to ´, the normal-
to-the-wallcoordinate.Subscriptsw and e representquantitiesat the
wall and at the boundary-layeredge, respectively.The independent
coordinates x and y have been transformed to

».X / D
Z X

0

½w¹wUe dX; ´.X; y/ D
Uep
2»

Z y

0

½ dy

Assuming an adiabatic wall, the boundary conditions, at the wall
are

Qf .0/ D Qf 0.0/ D g.0/ D µ 0.0/ D 0

and at the edge are

Qf 0.´e/ D g.´e/ D µ .´e/ D 1

The external � ow is assumed isentropic, and, therefore,

He D const D H0 D cp T0

with T0 the stagnation temperature.
The similarity parameters are

Â D
³

ue

u1

´2

(8)

¾ D
U 2

1

2He
D

U 2
1

2cpT0

(9)

ts D 1 ¡ ¾ sin2 3LE (10)
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3 D 2»

Ue

dUe

d»

T0

Te
ts (11)

tw D
Hw

He
D

Tw

T0

(12)

Note that for an incompressible� ow (¾ D 0)with constantdensity
and viscosity, Eqs. (5) and (6) reduce to the Falkner–Skan–Cooke
equations.

Matching Procedure

Physicalquantitiesof interestcan be obtained from the preceding
de� nitions of the � ve similarity parameters:

M 2
1 D 2¾

.° ¡ 1/.1 ¡ ¾ /
(13)

U 2
e D 2cpT0.¾ C ts ¡ 1/Â (14)

W 2
e D 2cpT0.1 ¡ ts/ (15)

Te D T0[ts ¡ .¾ C ts ¡ 1/Â] (16)

M2
e D 2

° ¡ 1

1 ¡ ts C .¾ C ts ¡ 1/Â

ts ¡ .¾ C ts ¡ 1/Â
(17)

where M1 and Me are the Mach numbers related to the freestream
velocity Q1 and Qe[D

p
.U 2

e C W 2
e /], respectively. Because U 2

e ,
W 2

e , and Te must all be positive, Eqs. (14–16) imply the following
restrictions on the similarity parameters:

ts < 1; .¾ C ts ¡ 1/Â > 0; ts ¡ .¾ C ts ¡ 1/Â > 0

For the matching with the actual boundary layer growing on a
wing and the calculation of the stability characteristics, the local
coordinatesystem de� ned earlier (x; z; y) is used. The velocitypro-
� les in this system are

u

Qe
D .¾ C ts ¡ 1/ Qf 0 C .1 ¡ ts/g

.¾ C ts ¡ 1/Â C 1 ¡ ts

(18)

w

Qe
D .1 ¡ ts/.¾ C ts ¡ 1/Â

.¾ C ts ¡ 1/Â C 1 ¡ ts
.g ¡ Qf 0/ (19)

The temperature pro� les are expressed as

T

Te
D

.µ ¡ 1/
£
.¾ C ts ¡ 1/Â Qf 0 2 C .1 ¡ ts /g2

¤

.µ ¡ 1/[ts ¡ .¾ C ts ¡ 1/Â]
(20)

Matching procedures typically use the incompressibleshape fac-
tors in the streamwise and cross� ow directions, de� ned as

Hxi D ±¤
xi

¯
µxi (21)

Hzi D ±¤
zi

¯
µzi (22)

where

±¤
xi

D
Z 1

0

³
1 ¡

u

Qe

´
d´; ±¤

zi
D

Z 1

0

¡ w

Qe
d´

µxi D
Z 1

0

u

Qe

³
1 ¡

u

Qe

´
d´; µzi D

Z 1

0

¡
³

w

Qe

´2

d´

As mentioned earlier, there are � ve nondimensional parameters
that specify a given self-similar boundary layer: ¾ , ts , tw , 3, and Â .
The aim of the matching procedure is to determine the combination
of theseparameters thatwill producea model boundarylayer having
stability characteristicssimilar to those of the actual boundary layer
of interest. In this work, only adiabatic-wall boundary layers are
considered. In this case, there is only one possible value of tw for a

given combinationof the other parameters.The ¾ and Â parameters
can be obtained directly from the � ow conditions of the physical
boundary layer, by inverting Eqs. (13) and (17)

¾ D [.° ¡ 1/=2]M2
1

1 C [.° ¡ 1/=2]M2
1

(23)

Â D

©
1 C [.° ¡ 1/=2]M2

e

ª
ts ¡ 1

.¾ C ts ¡ 1/
©
1 C [.° ¡ 1/=2]M 2

e

ª (24)

For the determination of the remaining two parameters, ts and
3, it is necessary to require that some measurable properties of the
model boundary layer be as close as possible to the same proper-
ties measured on the actual boundary layer on the wing. Note that
Eq. (10) is not used to determine ts directly because we are consid-
ering boundary layers growing on an arbitrary wing (not an in� nite
swept wing). Following the approach taken in two-dimensional in-
compressible � ows,13 the incompressible shape factor in the local
streamwise direction, Hxi , is used. This should ensure closeness of
the streamwise velocity pro� les (u=Qe ). By extension, the second
property may be chosen to be the incompressible shape factor in
the cross� ow direction, Hzi . This is one of the options that were
considered, together with the maximum cross� ow velocity and the
nondimensionalcross� ow-velocityderivative at the wall. The latter
quantities are de� ned as

wmax D max
´

­­­­
w

Qe

­­­­ (25)

w0
w D

±xi

Qe

dw

d´

­­­­
w

(26)

It was found19 that the streamwise incompressible shape factor
Hxi provides a very good representation of the streamwise veloc-
ity pro� le, even in strongly decelerated � ows. It has also been ob-
served that the value of the pressure-gradient parameter 3 is al-
most uniquely determined by this shape factor. The matching of the
cross� ow velocitypro� le is less straightforward.The distanceof the
cross� ow velocity maximum from the surface and the presence of
multiple cross� ow velocitymaxima (S-shaped pro� les) are features
that have a signi� cant in� uence on the stability characteristics.One
of the most important limitations of the Dewey and Gross18 model
is actually its inability to predict S-shaped cross� ow velocity pro-
� les. Therefore, it was important to base the choice of the matching
criteria not so much on the reproductionof the boundary layer pro-
� les but on the overall agreement of the stability characteristics.In
accelerated � ows (3 > 0), where the importance of the cross� ow
velocity pro� le is greatest, the wmax criterion seems to produce the
best agreementof velocitypro� les and stabilitycharacteristics,with
the Hzi criterion being almost equally good. In decelerated � ows
(3 < 0), the w0

w matching and the wmax criterion provide a better
representationof the streamwise instabilities than the Hzi criterion.
Based on these observations,the wmax criterion has been retainedas
the cross� ow matching parameter.

Database of Stability Characteristics

A systematicprocedurewas developedto investigatethe stability
characteristics of three-dimensional transonic � ows and to predict
transition.20 The application of this procedure to a number of test
cases has highlighted the main requirements of an automated tran-
sition prediction method, which are 1) to identify the nature of the
dominant instability, 2) to evaluate the critical frequency range,
3) to locate the neutral points of instabilities, and 4) to evaluate
the n factor.

To achievetheseobjectives,the followinginformationis required:
1) the wave number kopt [k D

p
.®2 C ¯2)] and orientationÃopt (de-

� ned with respect to the inviscid streamline) of the most ampli� ed
disturbanceand 2) the spectral distribution of the maximum ampli-
� cation rate ° max

i .!r /.
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For a given value of the freestream temperature T1 , and in the
framework of the chosen model boundary layer over an adiabatic
wall, these stability characteristics are functions of the four simi-
larity parameters ¾ , Â , 3, and ts and of the Reynolds number Re±

of interest. This Reynolds number is based on the local streamwise
velocity Qe and displacementthickness±¤

xi
. As discussed in the pre-

cedingsection,thesefour similarityparameterscan bematchedwith
the following, more physically relevant, parameters: Mach number
M1 , Mach number Me, Hxi and wmax . Symbolically, the function-
ality of the stability characteristicskopt, Ãopt, and ° max

i with respect
to the independent parameters can be written as

kopt
¡
M1; Me; Hxi ; wmax; Re±

¢
; Ãopt

¡
M1; Me; Hxi ; wmax; Re±

¢

° max
i

¡
!r ; M1; Me; Hxi ; wmax; Re±

¢

To reduce the size of the database, the spectral distribution of
° max

i is approximated as a cubic function of !r :

° max
i .!r / D a!3

r C b!2
r C c!r C d (27)

The maximum ampli� cation frequency !
opt
r can easily be obtained

from the preceding relation as

!opt
r D !r when

d° max
i

d!r
D 0

D
¡b §

p
b2 ¡ 3ac

3a
(28a)

such that

d2° max
i

d!2
r

­­­­
!

opt
r

D 6a!opt
r C 2b < 0 (28b)

from which the maximum ampli� cation rate is then obtained.
The database of stability characteristics is simply a table of kopt,

Ã opt, and ° max
i (represented by the coef� cients a, b, c, and d ) for

a number of discrete values of the independent parameters Mach
number M1, Mach number Me, Hxi , wmax, and Reynolds number
Re±. It can be represented in the following compact form:

kopt
¡
M1; Me; Hxi ; wmax; Re±

¢
(29)

Ã opt
¡
M1; Me; Hxi ; wmax; Re±

¢
(30)

a
¡
M1; Me; Hxi ; wmax; Re±

¢
(31)

b
¡
M1; Me; Hxi ; wmax; Re±

¢
(32)

c
¡
M1; Me; Hxi ; wmax; Re±

¢
(33)

d
¡
M1; Me; Hxi ; wmax; Re±

¢
(34)

The parameter tw does not appear in Eqs. (29–34) because the
database is restricted to boundary layers over adiabatic walls. The
freestream temperature T1 should also appear in Eqs. (29–34) be-
cause it in� uences the nondimensional viscosity pro� le calculated
throughSutherland’s relation.However, to reduce the number of in-
dependent parameters, it has been decided to construct the database
for a given value of T1 . This is not a severe limitation because
transitionpredictionstypically involveonly two freestream temper-
atures, namely, that observed at the aircraft cruising altitude and
that occurring in a wind tunnel. This means that different databases
should be constructed for transition predictions in-� ight and in a
wind tunnel. The original implementation of the database method
corresponds to � ight conditions with T1 D 215 K.

The database structure and the matching procedure were vali-
dated by conducting calculations on the ONERA M6 and NASA
Ames Research Center wings.21;22 This validation exercise has also
provided an identi� cation of the ranges of values for the matching

parameters. Based on this and the typical � ight conditions of inter-
est, the following ranges were selected:

0:7 · M1 · 0:9; 0:2 · Me · 2:0; 2:0 · Hxi · 3:0

0 · wmax · 0:25; 500 · Re± · 10;000 (35)

Results
Transition prediction results using the database method will be

presented � rst on the simple conical AS409 wing, then on two re-
alistic Bombardier wings with spanwise pressure gradients. The
viscousmean � ow was calculatedusing the fully three-dimensional
proceduredescribedin Ref. 20,whichcombinesa three-dimensional
Euler solver and a three-dimensionalcompressible boundary-layer
code.

AS409 Conical Wing

This test case was used to investigate how well the database
method reproducesthe evolutionof the stability characteristicspre-
dictedby the complete LST computations.Resultswill be presented
for test 42 of Ref. 23, for which the freestreamMach and Reynolds
numbers were 0.74 and 12.8 £ 106, respectively. The freestream
temperature was 131 K, which differs from that used in the con-
struction of the database (215 K). Also, only one freestream Mach
number value, 0.85, had been incorporated in the database at the
time these computations were conducted. Thus, it was decided to
verify the in� uence of these deviations on the stability characteris-
tics. For identical values of M1 D 0:85, Me D 1:0, Re± D 3:5 £ 103,
Hxi D 2:53, and wmax D 0:0093, the boundary-layer pro� les were
� rst compared for T1 values of 215 and 131 K. With T1 D 215 K,
the same comparisonswere made when Mach number M1 is varied.
The velocity and temperaturepro� les are identical in all cases; how-
ever, the values of Te are different, which implies that the viscosity
pro� leswill be different.Stabilitycalculationswere then conducted,
and Table1 shows that the in� uenceof T1 and Machnumber M1 on
the optimum wave ampli� cation and frequency is negligible,which
indicates that the database can be used even though the values of
these parameters in the present case are different from the nominal
ones.

The results of the most unstable wave tracking are presented in
Figs. 2–5. The wavelength and orientation of the most unstable
wave are shown in Figs. 2 and 3. The complete LST results indicate

Table 1 AS409 wing: validation

T1 M1 Te !
opt
i !

opt
r

215 0.85 205 1.74£ 10¡3 4.45£ 10¡2

131 0.85 125 1.79£ 10¡3 4.49£ 10¡2

215 0.74 199 1.74£ 10¡3 4.45£ 10¡2

Fig. 2 AS409 wing, test 42: optimum wavelength.
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Fig. 3 AS409 wing, test 42: optimum wave orientation.

Fig. 4 AS409 wing, test 42: optimum frequency.

Fig. 5 AS409 wing, test 42: optimum growth rate.

a later evolutionfroma cross� ow to a streamwise instabilitythan the
databasepredictions.The subsequentchangesof dominant instabil-
ity type are well predicted,even though the orientations themselves
are different. The complete LST method actually predicts a bru-
tal transition from a pure cross� ow to a pure streamwise instability,
whereas the databasemethod tendsto predict instabilitiesof a mixed
nature. The evolution of the optimum wavelength is qualitatively
well predicted.

Figure 4 shows the evolution of the maximum ampli� cation fre-
quency. The agreement between the complete and database results
is generally good, except in the region where the complete calcula-
tions predict a cross� ow instability(thus, a low frequency), whereas
the database method indicates that a streamwise wave is dominant
(correspondingto a high frequency). The evolution of the optimum
ampli� cation rate (Fig. 5) is qualitativelywell predicted,albeit with
levels generally above those from the exact LST solution.

Earlier results24 have indicated that the critical frequency for test
42 is 20 kHz. Figure 6 presents the chordwise variation of the max-
imum ampli� cation rate for this frequency. Again, the database re-
sults reproducequalitativelythe behaviorof the exact solution,even
though the actual rates of ampli� cation may be under- or overes-
timated. The corresponding n factors are shown in Fig. 7. At the
experimental transition position, the differencebetween the two so-
lutions is approximately0.6. One of the advantagesof the database
method is that it allows the simultaneousand rapid computation of
the n factors for a large range of frequencies. Figure 8 presents the
results obtained for frequencies ranging from 0 to 30 kHz, which
completely de� ne the envelope. The maximum n factor at the tran-
sition location is produced by the 25-kHz instability. The differ-
ence between the n factor and that produced by the complete LST
at 20 kHz is less than 1, which is actually less than the uncer-
tainty margin of the en method for three-dimensionalcompressible
� ows.25

Fig. 6 AS409 wing, test 42: maximum growth rate, f = 20 kHz.

Fig. 7 AS409 wing, test 42: n factor, f = 20 kHz.
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Fig. 8 AS409 wing, test 42: n factor, f = 0–30 kHz.

Fig. 9 Bombardier experimental wing W40: upper surface n factor,
complete LST solution (Bombardier Inc., proprietary data).

Comparisons of Predictions with Three-Dimensional
Wind-Tunnel Results

Recent wind-tunnel tests on Bombardier wings have allowed
the position transition to be experimentally evaluated. These data
provide a comparison basis for the evaluationof different aspects of
the transition prediction methods presented earlier.

Bombardier Experimental Wing W40

The � rst series of results was obtainedon a Bombardier-designed
experimentalwingW40.This winghasa relativelysimpleplanform,
with constant moderate leading- and trailing-edge sweep angles.
The tests took place in the MicroCraft wind tunnel in California.
The � ow conditions considered are M1 D 0.80 (cruise speed),
Rec D 5:95£ 106 , and CL D 0:45. Note that the experimentalresults
were obtained on a full aircraft con� guration (wing, fuselage, em-
pennage, and engines), whereas the boundary-layer computations
were performedon an isolatedwing. This means the results near the
wing root may not be perfectly realistic. This limitation is related
to the boundary-layer code used, not to the stability analysis and
transition prediction method.

Figures 9 and 10 present the n factor contours on the upper sur-
face of the wing, as predicted by the full LST computation and the
database method, respectively.Figures 9 and 10 represent the enve-
lope of the results obtained for many frequencieswithin the critical
range.The experimentalpositionof transitionis also shown.The lat-
ter was obtainedby visualizationof the oil � ow on the surface of the
wing. The isolinesof n producedby the two methodspresenta simi-
lar behavior,notably an aft movement from root to tip; however, the
levels are different. Except near the wing root, the databasemethod
produces higher n factors than the full LST computations.This had
already been observed on the AS409 wing. The spanwise variation
of the transition n factor is presented in Fig. 11. Two comments

Fig. 10 Bombardier experimental wing W40: upper surface n factor,
database method (Bombardier Inc., proprietary data).

Fig. 11 Bombardier experimental wing W40: transition n factor
(Bombardier Inc., proprietary data).

can be made. First, except near the wing root (z=b · 0:15), the crit-
ical n factor predicted by the database method is higher than that
predicted by the complete calculations, with a nearly constant dif-
ference of 4. This could be attributed to the dif� culty of the Dewey
and Gross18 model to reproduce the cross� ow velocity pro� les, as
already mentioned. Second, irrespective of the method used, the
spanwise variation of the critical n factor is very signi� cant; the
difference between ntr at the wing root and ntr at the wing tip is
in fact more important than that between the two solutions. Note
that two computer runs are required to obtain the N factor curve for
each frequencywith the complete LST method, the � rst one starting
near the leadingedge to catch the cross� ow instabilitiesand the sec-
ond one farther downstream to get the streamwise instabilities.The
location where the nature of the dominant instability changes also
needs to be identi� ed. The database method, on the other hand, au-
tomatically predicts the passage from a cross� ow to a streamwise
instability in a single computer run, as shown in Fig. 12. The com-
puting times for a single frequencyon a CRAY J932 supercomputer
are 57 min for the full LST calculations and 32 s for the database
method, and a dozen frequenciesare required to de� ne properly the
n factor envelope.This certainly demonstrated the usefulnessof the
database method in an industrial context.

Bombardier BD-700 Global Express Wing

Transition visualizationswere also performed on the wing of the
ultra-long-range Bombardier Global Express business aircraft, in
the National Aerospace Laboratory High Speed Tunnel wind tun-
nel, in Amsterdam. The � uid used in this case was acenaphtene,and
transition determinationwas done, as in the previous case, approxi-
mativelyfromphotographs.However,thepositionof thecamerasfor
this case was such that a planview could not be obtained, lowering
the precisionwith which the transitionpositioncouldbedetermined.
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Fig. 12 Bombardier experimental wing W40: ampli� cation rate,
f = 50 kHz (Bombardier Inc., proprietary data).

Fig. 13 BombardierGlobal Express wing at Re = 5.6 £ £ 106: transition
n factor (Bombardier Inc., proprietary data).

The Mach number and lift coef� cient for these tests were respec-
tively 0.85 and 0.45 (cruise condition). Results were obtained for
two Reynolds number values, Rec D 5:60 £ 106 and 3.20 £ 106.

Figure 13 shows the spanwise variation of the transition n factor
for the high Reynoldsnumber test.As with wingW40,both methods
predict a signi� cant spanwise decrease of the critical n factor and a
nearlyconstantdifferencebetween the two solutions.Similar results
were obtained for the low Reynolds number case.

Critical n-Factor Determination

The preceding results indicate that it is not possible to establish a
single value of the transition n factor for the con� gurations consid-
ered. The observed variation of the critical n factor can be linked, at
least in part, to the relative strength of the streamwise and cross� ow
instabilities:accordingto transitionmeasurementsmade in � ight on
the VFW-614 and Fokker 100 (Refs. 10 and 25), the critical n factor
is higherwhen transitionis mainlyaffectedby cross� ow instabilities
than when it is caused by streamwise instabilities.From a transition
prediction standpoint, it is needed to relate the critical n factor to
the mean � ow parameters. The results presented in the preceding
sections and shown again in Figs. 14 and 15 lead us to the assump-
tion that a proper correlation parameter should have the form of a
local-chordc0 Reynoldsnumber, to represent the spanwise variation
of ntr. The leading edge sweep angle 3LE (also spanwise variable)
shouldalso be involvedbecauseit signi� cantly in� uences the nature
of the dominant instability. The proposed correlation parameter is,
therefore, de� ned as

Rec0U D Q1c0 cos 3LE=º1 (36)

The variation of the transition n factor with this parameter has been
plotted in Figs. 16 (complete LST) and 17 (database method). The

Fig. 14 Transition n factor: complete LST solution (Bombardier Inc.,
proprietary data).

Fig. 15 Transition n factor: database method (Bombardier Inc., pro-
prietary data).

Fig. 16 Transition n factor: correlation with Reynolds number Rec 0 U ,
complete LST solution (Bombardier Inc., proprietary data).

least-squarelinear � ts through the data are also presented.The solid
lines represent the correlations obtained when all data points are
included. Removing the point at the highest Reynolds number pro-
duces the correlations illustrated in dashed lines. This point corre-
sponds to the spanwise section closest to the wing root on wing
W40, where the boundary-layer solution may not be fully reliable
due to the absenceof the fuselage.Removing this point signi� cantly
improves the standard deviation of the correlations. Higher-order
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Fig. 17 Transition n factor: correlation with Reynolds number Rec 0 U ,
database method (Bombardier Inc., proprietary data).

correlations do not provide any signi� cant improvement over the
linear � ts. The database method, together with the critical n factor
determined by the correlation

n tr D 2:70 C 2:27 £ 10¡6Rec0U (37)

has been used successfullyat Bombardier for the predictionof tran-
sition in subsequentwind-tunnel tests.Whereas it is recognizedthat
the preceding correlation is in no way universal, it can provide a re-
liable indicationof transition location in conditions similar to those
presented in this paper.Differentvalues of the criticaln factor could
be expected, for instance, in � ight conditions where the freestream
turbulence levels are much lower than in wind tunnels.

Conclusions
This paper presentedan automateddatabasemethod for the eval-

uation of stability characteristics and the prediction of laminar/
turbulent transition in three-dimensional compressible � ows. The
method is fast and relatively easy to use, making it appropriate
for use in an industrial context. It relies on a database of stability
characteristics built from a compressible three-dimensionalmodel
boundarylayer.The resultsof the completeLST eigenvaluesolution
and the proposed method were compared for the AS409 wing. This
has indicated that the database method correctly predicts the over-
all evolutionof the stability characteristics,even though differences
exist in absolute values.

The database method was then used to calculate the n factor on
the Bombardier Global Express wing and the experimental wing
W40. The predicted n factors were correlated with the position of
transition observed in wind-tunnel tests. This has revealed a span-
wise variation of the critical n factor that is also observed when the
full LST equations are solved, meaning that a single value of the n
factor can not be used as a transition criterion. Instead, a correlation
of the critical n factor with a local-chord-basedReynolds number
is proposed. This criterion is now used with the database method
for transition predictionon Bombardier aircraft wings before wind-
tunnel tests.Further validationsare requiredto establishwhether the
correlation is also valid for transition in � ight. As a next step, the
database method should be implemented directly in Bombardier’s
Euler/boundary-layerand Navier–Stokes solvers.
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